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We propose a general one-dimensional continuous formulation to analyze the vibrational modes of
antennalike nanomechanical resonators consisting of two symmetric arrays of cantilevers affixed to
a central nanobeam. The cantilever arrays can have arbitrary density and length profile along the
beam. We obtain the secular equation that allows for the determination of their frequency spectrum
and illustrate the results on the particular examples of structures with constant or alternating
cantilever length profiles. We show that our analytical results capture the vibration spectrum of such
resonators and elucidate key relationships that could prove advantageous for experimental device
performance. Furthermore, using a perturbative approach to treat the nonlinear and dissipative
dynamics of driven structures, we analyze the anharmonic coupling between two specific widely
spaced modes of the coupled-element device, with direct application to experiments. © 2009
American Institute of Physics. 关DOI: 10.1063/1.3132088兴
I. INTRODUCTION

Mechanical resonators, especially in the micro- and
nanorange, are currently used in many research areas to investigate fundamental physics problems such as ultrasensitive force and mass detection,1 single spin detection,2 gravitational wave detection,3 or quantum measurement and
computation,4 to cite a few. A key aspect of their performance is ultrahigh resonance frequency of vibration—
demonstrated up to several gigahertz as the nanostructures
are made from stiffer materials such as ultrananocrystalline
diamond or silicon carbide,5,6 and designed with submicron
critical dimensions. The coupling of arrays of high frequency
resonators can yield enhanced response characteristics in hybrid resonator designs, and as such holds primary interest in
a plethora of technological applications. Detailed analytical
and numerical modeling of coupled-element resonators is
critical to the understanding and utilization of such devices.
In a previous publication7 we presented both discrete and
continuum models for a class of coupled-element nanomechanical antennalike structures that have been experimentally realized.6,8–10 The continuum model was shown to capture the linear modal response spectrum of the device in
close agreement with finite-element simulations. As a sequel
to the previous work, here we generalize the analysis to
coupled-element structures with arbitrary cantilever lengths
and distributions along the central beam. By judicious choice
of cantilever array distribution, the response spectrum of the
structure can be engineered for specific performance characteristics. As an illustration, we treat the particular cases of
constant and alternating cantilever length arrays. Motivated
by experimental observations of modal coupling phenomena,
we further expand the analysis to include weak nonlinear and
dissipative contributions to the dynamics of a driven
a兲
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cantilever-beam and derive the amplitude-frequency response that describes the anharmonic coupling taking place
between two of its specific widely spaced modes.
II. ARBRITRARY CANTILEVER DISTRIBUTION

We consider a doubly clamped elastic beam with two
symmetric arrays of cantilevers with lengths l共x兲 attached on
both sides, see Fig. 1. We denote the beam out-of-plane deflection by y共x , t兲, x 苸 关0 , L兴, and by 共x ,  , t兲, the deflection
with respect to y共x , t兲 of the cantilevers located at point x on
the beam. Restricting our investigation to modes symmetric
with respect to the beam, we have  苸 关0 , l共x兲兴.

FIG. 1. Schematic 共2D兲 top views of mechanical antenna structures with
symmetric arrays of cantilevers 共along -axis兲. 共a兲 Constant lengths. 共b兲
Alternating lengths. 共c兲 Length profile l共x兲 and density along the central
beam 共x-axis兲 are arbitrary. Deflections occur perpendicular to the
共x , 兲-plane.
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With subscripts b and c referring to quantities related to
the beam and the cantilevers, respectively, we denote the
rigidities11 by Eb and Ec, the masses per unit length by b and
c, and the widths by wb and wc. If we assume that all
elements have the same thickness, Eb / Ec = b / c = wb / wc.7
The cantilever density is defined as 共x兲 = dN共x兲 / dx, where
N共x兲 is the total number of cantilevers between 0 and x.
Assuming that shear deformation and rotary inertia of the
structure are negligible, we work within the Euler–Bernouilli
beam approximation. Although not essential to our approach,
this assumption greatly simplifies the interpretation of the
results. More sophisticated beam theories can for instance be
found in Ref. 12 and references therein. The Euler–
Bernouilli Lagrangian of the structure depicted in Fig. 1共c兲 is
given by
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Boundary conditions for the beam can be arbitrarily
specified. For a clamped-clamped beam, for instance, they
would be y共0 , t兲 = y ⬘共0 , t兲 = 0 and y共L , t兲 = y ⬘共L , t兲 = 0. From
the least action principle ␦S关y , 兴 = 0, where S关y , 兴
= 兰L关y , 兴共t兲dt, we obtain the following equations of motion
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The right hand side of Eq. 共3兲 is the shear force exerted by
the cantilevers along the beam. Equation 共4兲 combines the
equations of motion of the cantilevers in a single one via
共x ,  , t兲. Its right hand side is the inertial driving force exerted by the central beam on the cantilevers. The energy of
system 共3兲 and 共4兲, whose expression is obtained from Eq.
共1兲 by changing the sign of the elastic energy terms, is a
constant of the motion.
We now look for mode solutions of the form
y共x,t兲 = Y共x兲cos t;

共x, ,t兲 = H共x, 兲cos t.

共5兲

Defining the useful quantities ␣ and ␥ by

␣4 =

b 2
 ;
Eb

␥ = ␣l共x兲,

where
A⫾
1 共␥兲 =

1 + cos ␥ cosh ␥ ⫿ sin ␥ sinh ␥
,
2共1 + cos ␥ cosh ␥兲
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Using Eq. 共5兲 again and Eqs. 共7兲–共9兲, we can evaluate the
right hand side of the equation of motion for the beam,
3H / 3 兩=0 = −2␣3A+2 共␥兲Y共x兲 and Eq. 共3兲 can finally be cast
into the form 关the superscript 共iv兲 denotes a fourth derivative兴

V共␣ ;x兲 =

Cantilever boundary conditions apply to the deflection
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where the potential V共␣ ; x兲 is given by
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Y 共iv兲共x兲 − 关V共␣ ;x兲 + ␣4兴Y共x兲 = 0,

共x ,  , t兲 and read
兩=0 =

H共x, 兲 = 关A+1 共␥兲cos共␣兲 + A+2 共␥兲sin共␣兲
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we can solve Eq. 共4兲 together with boundary conditions 共2兲
to obtain

cos ␥ sinh ␥ + sin ␥ cosh ␥
wc
共x兲␣3
.
wb
1 + cos ␥ cosh ␥

共11兲

The frequency spectrum of the antenna is obtained by solving Eq. 共10兲 with four boundary conditions for the beam
deflection Y共x兲 which results in a secular equation for the
parameter ␣ that is, for the frequency  关see Eq. 共6兲兴. For
example, if cantilevers and beam alike are assumed to be
one-dimensional 共1D兲-like, the density reads 共x兲 = 2兺 j␦共x
− x j兲, where the x j’s are the locations of the cantilevers along
the beam. The peculiarity of Eq. 共10兲 is to have an
x-dependent potential whenever the density or the length
profile vary along the beam. Unless an explicit solution is
known, it can be solved by projection onto an orthonormal
set of modes satisfying appropriate boundary conditions for
the beam. Equation 共10兲 then becomes a homogenous matrix
equation whose determinant provides the secular equation
that yields the frequency spectrum of the structure.
III. CONSTANT AND ALTERNATING CANTILEVER
LENGTH ARRAYS
A. Constant cantilever length

We now turn to the special case depicted in Fig. 1共a兲
where two dense arrays of N regularly spaced cantilevers
with constant length l are located symmetrically with respect
to the central beam. As previously stated, in a 1D setting,
their exact density is twice the sum of N equispaced delta
functions. When N is large enough, it is physically relevant
to replace the density by its average value over the beam,
¯ = 2N / L, as long as the modal shapes of the beam under
investigation wash out the discreteness of the cantilever distribution. This requires, for instance, that the number of
nodes of the said modal shapes n be small compared to the
number of cantilevers on one side, N. Hence the condition of
validity of our approach, n Ⰶ N.
The physical meaning of replacing the exact density by
its average is to spread the local shear forces exerted by the
cantilevers on the beam around their support in order to form
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a continuous force density. This results in a cantilever continuum represented by the continuous deflection 共x ,  , t兲.
Notice that, although bidimensional, the cantilever continuum is distinct from an elastic plate because adjacent cantilevers are not elastically connected. As 共x兲 is now replaced
by ¯ and ␥ = ␣l is a constant, the potential V共␣ ; x兲 does not
depend on x anymore and the solution to Eq. 共10兲 is straightforward. Its modes are given by
Y n共x兲 = An共x/L兲,

共12兲

where A is an overall amplitude and 兵n共u兲其, an orthonormalized set of modes satisfying
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The ␤n’s are the positive roots of the secular equation
obtained from the boundary conditions for the central beam.
For instance, for a clamped-clamped 共+兲 or a clamped-free
共–兲 beam,
cos ␤n cosh ␤n = ⫾ 1.

共14兲

The secular equation for ␣, conveniently expressed here in
terms of ␥ = ␣l, is obtained from Eqs. 共10兲 and 共12兲 as
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where mb = bL and mc = cl denote the mass of the beam and
of a cantilever, respectively. For each particular value of ␤n,
Eq. 共15兲 has an infinite number of roots ␥n,k, k ⱖ 1, from
which the frequency is evaluated as
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The corresponding modes are determined from Eqs. 共12兲 and
共7兲 where ␥ is replaced by its value ␥n,k. As we see from Eq.
共12兲, the modal shape of the beam is the same for the antenna
as it would be for a beam without cantilevers attached, a
result also confirmed by finite-element analysis.7 This surprising fact originates in the special form of the force density
exerted by the cantilevers on the beam that is proportional to
the beam deflection Y n共x兲, thereby producing no change in
the modal shape, even though the frequency spectrum is
modified by the first term of Eq. 共15兲 for N ⬎ 0.
Equation 共15兲 has three relevant parameters: the length
ratio  = l / L, the product of the cantilever number by the
width ratio  = 2Nwc / wb, and ␤n. It can be shown that, for all
n ⱖ 1 and k ⱖ 2, its solutions satisfy ␥⬁,k−1 ⬍ ␥n,k ⬍ ␥⬁,k where
␥⬁,k satisfies the secular equation of a simple cantilever,
cos ␥⬁,k cosh ␥⬁,k + 1 = 0.

FIG. 2. 共Color online兲 Frequency spectra of a constant cantilever length
structure 共left兲 and of an alternating cantilever length structure 共right兲. Frequencies n,k are normalized to the fundamental 1,1. Physically relevant
levels 共such that n ⬍ N兲 are represented as solid lines and others as dashed
lines.

共17兲

Notice that, although the values ␥⬁,k are parameter independent, the corresponding frequencies ⬁,k, derived from Eq.
共16兲 still depend on l and other physical quantities. The frequencies satisfy ⬁,k−1 ⬍ n,k ⬍ ⬁,k, which explains the generic band structure of the spectrum illustrated in Fig. 2
共right兲 on the specific example of an antenna clamped at both
ends with N = 20 cantilevers, wc = wb and l / L = 0.05.

To gain some insight in the fine structure of the bands,
we observe that Eq. 共15兲 can be solved approximately for
large n and for small or large . These limits all require its
first term to become large for finite values of ␥, which leads
to ␥n,k˜ = ␥⬁,k + ⌬n,k with
⌬n,k ⯝

冋 冉 冊册

␤n
 t⬁,k + th⬁,k
1−
␥⬁,k t⬁,k − th⬁,k
␥⬁,k

4 −1

.

共18兲

In this expression, t⬁,k ⬅ tan ␥⬁,k, th⬁,k ⬅ tanh ␥⬁,k; k̃ = k if
⌬n,k ⬍ 0 and k̃ = k + 1 if ⌬n,k ⬎ 0. Equation 共18兲 is valid for
兩⌬n,k兩 Ⰶ 1, k ⱖ 1.13
We can show that regardless of the boundary conditions,
⌬n,k vanishes as n becomes large and the frequencies n,k
cluster at ⬁,k, the upper edge of band k. Provided  is small
enough, Eq. 共18兲 indicates that an accumulation of frequencies also occurs at the lower edge of band k + 1, a phenomenon observed in Fig. 2. In this limit, the frequency band-gap
⌬k ⬅ 1,k+1 − ⬁,k is given by ⌬k ⯝ 2⬁,k⌬1,k / ␥⬁,k. It is
seen to become constant as k increases. Clearly, from Eq.
共18兲, if n is fixed and k ⱖ 2, ␥n,k tends to ␥⬁,k−1共␥⬁,k兲 when
the length ratio  tends to zero 共infinity兲. This indicates that,
for band 2 and higher, the cantilever dynamics 关see Eq. 共17兲兴
dominate the motion of the structure in these two limits. This
is not true however for the first 共fundamental兲 band whose
lower edge tends to zero as  → 0 and whose dynamics is
governed by the beams in this limit, a mass loading effect.
An interesting example of level motion is given in Fig. 3
where the fundamental mode ␥1,1 and the first collective
mode ␥1,2 are plotted against the length ratio  for various
cantilever numbers N. The central beam is again clamped at
both ends and the width ratio is wc / wb = 0.5共 = N兲. For all N,
␥1,1 interpolates between zero and ␥⬁,1 as  increases and we
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B. Alternating cantilever length arrays
4

We briefly comment here on the case of arrays of cantilevers with alternating lengths, l1 and l2, l2 ⱕ l1 关Fig. 1共b兲兴.
Using the continuum approach, we obtain the corresponding
secular equation
3
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FIG. 3. 共Color online兲 Fundamental, ␥1,1 共red兲, and first collective, ␥1,2
共green兲, levels vs the length ratio  = l / L for N = 5, 10, 20, 50, 100, and 500.
For clarity, N = 5 and N = 500 are displayed as dashed and dotted lines,
respectively.

note that, for a given length ratio, the fundamental frequency
always shifts downwards when cantilevers are added to the
central beam. In the small  regime, this is the manifestation
of a mass loading effect, while for large , this is predicted
by Eq. 共18兲. Similarly, ␥1,2 interpolates between ␥⬁,1 and ␥⬁,2
ⴱ
but there is a special ratio 1,2
for which it becomes
ⴱ
,
N-independent 共curve intersection in Fig. 3兲. For  ⬍ 1,2
␥1,2 increases with N and decreases otherwise, as predicted
by Eq. 共18兲 for small and large , respectively.
Such a ratio exists in fact for any level ␥n,k, k ⱖ 2. It is
ⴱ
cc
cc
= ␤2k−3
/ 共2␤n兲 where ␤m
is solution to the
given by n,k
clamped-clamped beam Eq. 共14兲, while ␤n is solution to the
ⴱ
= 共l␤n兲 / L.
actual beam secular equation. For that ratio, ␥n,k
Using Eb / b = Ec / c and Eq. 共16兲, the corresponding freⴱ
= 冑Eb / b共␤n / L兲2, which is precisely the
quency is thus n,k
nth frequency of a beam without cantilevers attached! For
ⴱ
ⴱ
the clamped-clamped antenna of Fig. 3, 1,2
= 1 / 2 and 1,2
2
= 冑Eb / b共␤1 / L兲 . Thus, if the cantilever length is half the
beam’s, the first collective frequency of the structure does
not depend on the number of cantilevers attached and is
equal to the fundamental frequency of the central beam
alone. Although this conclusion is drawn from our continuum approach, it has been verified for the dynamics of the
exact three-dimensional structure solved by the finiteelement method.
We also note that, all other parameters being fixed, the
density of states 共number of states per unit frequency兲 increases with N and that, for k ⱖ 2, the lower band edges
generically shift upwards. The opposite occurs however for
the first band 共fundamental group兲 whose lower edge shifts
downwards as N increases. The role of the cantilevers is
indeed different for the fundamental group 共k = 1兲, where
they essentially produce a mass loading of the central beam
than for higher bands where their dynamics take over and
shift the antenna frequencies upwards.

冉 冊

l 1␤ n
w1l1¯1 +
w2l1¯2 +
2A2 共␥兲 +
2A2 共⑀␥兲 =
wb
wb
L
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where ␥ = ␣l1, ⑀ = l2 / l1 and where ␣ and A+2 are defined by
Eqs. 共6兲 and 共9兲, respectively. w1 and w2 refer to the widths
of the cantilevers and ¯1 = 2N1 / L, ¯2 = 2N2 / L to their average
density, Ni being the number of cantilevers with length li on
one side of the structure. Notice that for l1 = l2, Eq. 共19兲 reduces to Eq. 共15兲 as it should. The spectrum calculated from
Eq. 共19兲 is displayed in Fig. 2 共left兲. For comparison with its
constant length counterpart, we have assumed w1 = w2 = wb,
¯1 = ¯2 = N / L with N = 20 and l1 / L = 0.05 while ⑀ = 0.8. The
spectrum of the alternating structure shows additional bands.
They are due to the term A+2 共⑀␥兲 that becomes infinite when
␥ = ␥⬁,k / ⑀, bands ensuing as previously discussed. This example shows how the frequency spectrum of a more complex
antenna structure can be easily understood and provides a
way of engineering frequency spectra with specific features
useful in experiments.
IV. NONLINEAR SYSTEM DRIVEN BY TWO
FREQUENCIES
A. Motivation

It has been observed experimentally14 that, if in addition
to being driven at the frequency of the fundamental mode the
antenna is also driven at the frequency of the collective
mode, the frequency peak of the fundamental mode experiences a slight shift. This frequency shift is the signature of a
modal coupling that occurs because of the presence of nonlinearity and dissipation in the system.15 To explain the interaction of these two widely spaced modes, we investigate
the effect of a two-frequency driving on the response of a
weakly nonlinear and dissipative antenna structure. We
supplement the equations of motion of our continuum model,
Eqs. 共3兲 and 共4兲, with nonlinear terms that take into account
the possible material and geometrical nonlinearities of the
structure and with damping terms proportional to the transverse velocity of the elements. These terms, small compared
to the amplitude of vibration of the antenna, are treated
within the Lagrangian approach described in Ref. 15 to derive the frequency-amplitude relation of the model.
B. Lagrangian approach

It is convenient at this stage to define the mode 共n , k兲 of
the constant cantilever length structure by the two-column
vector n,k = 关y n共x , t兲 , n,k共x ,  , t兲兴T. It involves two parameters, ␤n and ␥n,k, respective solutions to the secular equations Eqs. 共14兲 and 共15兲. The corresponding frequency n,k is
determined by Eq. 共16兲 while its modal shape is given by
Eqs. 共7兲 and 共12兲. In particular, the fundamental mode is
given by the parameters 共␤1 , ␥1,1兲 and the collective mode
we are interested in by the parameters 共␤1 , ␥1,2兲. For clarity
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in the notations, we rename these two modes 1
= 关y 1共x , t兲 , 11共x ,  , t兲兴T and 2 = 关y 2共x , t兲 , 21共x ,  , t兲兴T and denote their respective frequencies by 1 and 2 where
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In this expression, c.c. denotes the complex conjugate,  is a
small bookkeeping parameter, u = x / L, v =  / l, k共v兲
= H1,k共x , 兲 / Y 1共x兲, and 1共u兲 is defined in Eq. 共13兲. According to the multiple scale method, we have introduced two
time scales, T0 = t and T2 = 2t. The complex slowly varying
modulation amplitudes are denoted by A1共T2兲 and A2共T2兲.
The Lagrangian of our system is given by
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Finally, we take into account the damping effects of the viscous forces acting on the antenna through the virtual work
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where Cy and C are the viscosities of the beam and the
cantilevers, respectively.
To account for the fact that damping effects and driving
forces are of the same order of magnitude as the nonlinear
effects, we scale the viscosities as Cy = 2cy and C = 2c and
the forces as F j = 3 f j, j = 1 , 2. We now proceed as explained
in Ref. 15 to derive a time-averaged Lagrangian from Eqs.
共21兲, 共22兲, and 共24兲. We substitute Eq. 共21兲 into the Lagrangian 共22兲 and also into the virtual work 共25兲, perform the
spatial integrations and keep the slowly varying terms
only—i.e., those that are either constant or function of T2
only. This yields
具L典
4

2

= 兺 关iM j j共A jĀ⬘j − A⬘j Ā j兲 + C jj兩A j兩4
j=1

+ F j共Ā jei jT2 + cc兲兴 + 2C12兩A1兩2兩A2兩2 ,

共26兲
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= 兺 Q j␦A j + cc,
4
j=1

with Q j = 2i j jA j ,
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where
M j = mb + 2NmtL jj ;

2

L

+ 共NLT兲 + 关F1 cos共⍀t兲 + F2 cos共t兲兴

ydx,

共22兲

where 共NLT兲 stands for nonlinear terms. To express the fact
that the driving frequencies ⍀ and  are close to the linear
frequencies of the fundamental and excited modes, we write
them as
共23兲

To describe the nonlinear response of the cantilevers and the
central beam, neglecting the effects of rotary inertia and
shear deformations, we add the following nonlinear terms to
the Lagrangian15

Fj =

L
f j⌫4 ,
2

1
 j = 共Lcy + 2Nlc⌳ jj兲,
2

0

 =  2 +  2 2 .

L

y
 x⬘

x

2

c    y
+
dx d
2 t t
0

⍀ =  1 +  2 1 ;

再 冋 冕冉 冊 册
冉 冊冎
冕 冕 再 冋 冕冉 冊 册
冉 冊冎
b 
8 t

dx

0

2

+ A2共T2兲1共u兲ei2T0

L=

L

2

Experimental data 共to be published elsewhere兲 shows that 1
and 2 are coupled in the sense that the amplitude-frequency
curve 共resonance兲 of the fundamental mode is modified when
the higher mode is driven. This coupling is attributed to the
presence of nonlinearities in the resonator structure. To explain this phenomenon, we treat the nonlinearities and the
damping affecting the system as a perturbation of the fundamental and collective modes, 1 and 2. These perturbative
terms are responsible for a modulation of the linear modes
that we evaluate by a multiple scale method. Hereafter, we
closely follow the Lagrangian approach of Ref. 15 because it
offers a particularly suitable framework to derive the modulation equations.
When the driving amplitude 共or power兲 is small enough,
the solution  = 关y共x , t兲 , 共x ,  , t兲兴T to the nonlinear equations
of motion is, to a good approximation, given by a superposition of 1 and 2 with slowly modulated amplitudes. Following the multiple scale approach, we write  as

冋

冕

NLT =

冋

册

C jj =

3Et
⌫1mb2j 3⌫2Eb 2N⌫3
−
+ 2 mt2j I jj − 3 K jjjj ,
L2
L5
l
l

C12 =

⌫1mb共21 + 22兲 6⌫2Eb 2N⌫3
−
+ 2 mt共21 + 22兲I12
L2
L5
l
−

Et
l3

册

共K1122 + K2211 + 4K1212兲 ,

冋

共28兲

and where the coefficients ⌫ j, Lij, ⌳ij, Iij, and Kijkl are given
in Appendix.
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C. Modulation equations

Applying the extended Hamilton principle 共see Ref. 15兲,
we obtain the equations of motion for the modulations
A1共T2兲 and A2共T2兲 as

冉 冊

L
d L
=
+ Q̄i,
dT2  Ā⬘
 Āi
i

i 苸 兵1,2其.

共29兲

From Eqs. 共26兲 and 共27兲, we then derive the following pair of
modulation equations
2ii共M iAi⬘ + iAi兲 = − 2Ai共Cii兩Ai兩2 + C12兩A j兩2兲 + FieiiT2 ,
共30兲
where 共i , j兲 苸 兵1 , 2其, i ⫽ j. Looking for solutions in the polar
form
1
Ai共T2兲 = ai共T2兲ei关iT2−i共T2兲兴,
2

i 苸 共1,2兲,

共31兲

and separating the real and imaginary components of Eq.
共30兲, yields
ai
i共i − i⬘兲M iai = 共Ciia2i + C12a2j 兲 − Fi cos共i兲,
4

i共M iai⬘ + iai兲 = Fi sin共i兲.

共32兲

Looking for steady state 共periodic兲 solutions, we impose a⬘j
= 0 and ⬘j = 0 and we finally obtain the frequency-amplitude
relations as

冑
冑

F21

−

21
,
M 21

共33兲

−

22
,
M 22

共34兲

induced by a driving of the higher mode at the exact linear
resonance frequency, 2. This frequency shift is determined
as the difference between the maximum of the resonance
peak of the fundamental mode and 1. Now, the amplitude
a1 becomes maximum if the square root in the rhs of Eq. 共33兲
vanishes, that is,
amax
=
1

冏 冏
F1

 1 1

共37兲

.

For a system whose higher mode is driven exactly at frequency  = 2 we have of course 2 = 0 and then the amplitude of the second peak is solution to

册冑

冋

F21
1
C22a22 + C12 2 2 ⫾
4M 22
 1 1

F22
M 2222a22

−

22
= 0,
M 22
共38兲

which is a cubic equation for a22. Once the solution
a2共F1 , F2兲 is known, we can reinstate it in Eq. 共33兲 and we
obtain the frequency shift 1 = ⍀ − 1 as

冋

册

F21
1
1共F1,F2兲 =
C11 2 2 + C12a22共F1,F2兲 ,
4M 11
 1 1

共39兲

which provides the frequency shift as a function of the forces
共or driving power兲 F1 and F2 of the fundamental and excited
modes.
V. CONCLUSION

The amplitudes a1 and a2 are assumed small enough for the
perturbation expansion to hold 共notice that the book-keeping
parameter  has been absorbed in the amplitudes and that
Eqs. 共33兲 and 共34兲 can be used as such provided the detunings  j are redefined as  j ⬅ 2 j, the viscosities  j as  j
⬅ 2 j, and the forces F j as F j ⬅ 3F j兲.

Here we have expanded and generalized the analytical
modeling of coupled-resonator elastic structures. Our 1D
continuum model is shown to capture the relevant dynamics
and response spectrum of antennalike structures with arbitrary 共symmetric兲 cantilever distributions as well as boundary conditions on the central beam. A detailed analysis of the
band structure of the response spectrum in the special cases
of constant and alternating cantilever length arrays resonator
provided insights into the modal dynamics of the cantilevers
versus the carrier beam. Design parameters such as cantilever lengths are shown to modify the response spectrum and
should help achieve potentially advantageous performance.
We further showed that perturbation theory can be used
to analyze the nonlinear modal response of a prototype antenna resonator. The analysis was performed without loss of
generality on two modes that have been selected for their
practical advantages in performance. The anharmonic
amplitude-frequency coupling that results from the inclusion
of nonlinear terms in the equations of motion elucidates the
experimental behavior of hybrid nanoresonators under strong
excitation. Thus the current analysis provides a solid analytical foundation to the understanding of device performance,
with direct application to a wide range of current resonator
devices, as well as a forthcoming experimental report by the
authors.

D. Discussion
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1 =

1
关C11a21 + C12a22兴 ⫾
4M 11

1
2 =
关C22a22 + C12a21兴 ⫾
4M 22

M 2121a21
F22
M 2222a22

together with
tan i =

4  i i
Ciia2i

+ C12a2j − 4M iii

,

i ⫽ j.

共35兲

In first approximation the steady state solution can be cast
into the form

冋

y共x,t兲

共x, ,t兲

册

冋冉 冊

= 1共u兲 a1
+ a2

1

 1共 v 兲

冉 冊
1

 2共 v 兲

cos共⍀t − 1兲

册

cos共t − 2兲 .

共36兲
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APPENDIX: EFFECTIVE COEFFICIENTS

We provide here the definition and the numerical/
analytical evaluation of the quantities involved in Eq. 共28兲
for the antenna dimensions given in Ref. 7

冕 再冕
1

⌫1 =

0

冕

⌫2 =

u

关1⬘共兲兴2d

0

冎

⬅ L共␥1,i兲, the other integrals have been evaluated numerically for the parameters given in Ref. 7. We have found
L11 ⯝ 1.00012;

2

du,

冕

关1⬘共u兲1⬙共u兲兴2du,

共A1兲

1

41共u兲du,

冕

1共u兲du,

冕

1

hi共v兲h j共v兲dv ,

冕

hi共v兲关h j共v兲 − 1兴dv ,

冕 冋冕
1

0

Kijkl =

v

hi⬘共兲h⬘j 共兲d

0

冕

K1111 ⯝ 6.58 ⫻ 10−16 ;

K2222 ⯝ 1.07 ⫻ 103 ,

K1122 ⯝ 9.84 ⫻ 10−7 ;

K2211 ⯝ 6.98 ⫻ 10−7 .

册

M 2 = 4.17 ⫻ 10−14 ,

Fi = − 4.44 ⫻ 10−6 f i ;

C12 = 1.65 ⫻ 1017 ,

C11 = − 5.07 ⫻ 1013 ;

C22 = 1.05 ⫻ 1021 ,

2 = 1.85 ⫻ 1010 ,
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2

2

dv ,

1

hi⬘共v兲h⬘j 共v兲hk⬙共v兲hl⬙共v兲dv ,

共A2兲

0

with h j共v兲 ⬅  j共v兲 + 1. All the integrals above can normally
be evaluated analytically. For ⌫i, i 苸 兵1 , . . . , 4其, results are
simple enough to be displayed below.
⌫1 =

␤ 1t
共␤1t + 2兲 ⯝ 6.1513,
2

⌫2 =

␤51t
共5␤1t + 11兲 ⯝ 2846.4975,
10

⌫3 =

3
2t3
3 − t4 −
⯝ 1.8519,
4
␤1

⌫4 =

4t
⯝ − 0.8308,
␤1

冉

K1212 ⯝ 8.26 ⫻ 10−7 ,

where all the results are given in SI units. From the quantities  j, the frequencies of the fundamental and collective
modes are 24.7 MHz and 2.94 GHz, respectively.

1

0

Iij =

I22 ⯝ 232.49,

1 = 1.55 ⫻ 108 ;

0

⌳ij =

I11 ⯝ 1.64 ⫻ 10−16 ;

M 1 = 1.74 ⫻ 10−14 ;

1

0

Lij =

⌳22 ⯝ 4.9687,

So that, finally,

0

⌫4 =

⌳11 ⯝ 6.16 ⫻ 10−5 ;

I12 ⯝ 1.94 ⫻ 10−7 ;

1

0

⌫3 =

L22 ⯝ 3.89887,

冊

where t = tan共␤1 / 2兲. Note that cos共␤1兲 = 1 / cosh共␤1兲 and
sin共␤1兲 = −tanh共␤1兲. Apart from ⌳ii = Lii − 2A2共␥i兲 / ␥i and Lii

Downloaded 24 Sep 2009 to 128.197.27.9. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp

