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Abstract
We develop a scaling relationship between the exciton binding energy and the external dielectric function in carbon nanotubes. We
show that the electron–electron and electron–hole interaction energies are strongly affected by screening yet largely counteract each
other, resulting in much smaller changes in the optical transition energy. The model indicates that the relevant particle interaction
energies are reduced by as much as 50% upon screening by water and that the unscreened electron–electron interaction energy is larger
than the unscreened electron–hole interaction energy, in agreement with explanations of the ‘‘ratio problem.’’ We apply the model to
measurements of the changes in the optical transition energies in single, suspended carbon nanotubes as the external dielectric
environment is altered.
r 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The optical and electronic properties of single wall
carbon nanotubes (SWCNTs) are known to be dominated
by strong Coulomb interactions between electrons and
electrons and between electrons and holes [1–5]. Twophoton experiments have measured exciton binding energies of several hundred meV [6–8]. However, these
measurements were performed on SWCNTs in screened
environments; the intrinsic, chirality dependent, unscreened exciton binding energies can be signiﬁcantly larger
[9]. Understanding how these particle interaction energies
change with screening by the nanotube environment is
critical when designing opto-electronic devices, carbon
nanotube ﬁeld effect transistors, etc. Previous theoretical
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models of particle interaction energies in carbon nanotubes
(CNTs) typically include a single variable for the dielectric
function and treat it as a ﬁt parameter. Thus, in these
models, the dielectric function represents some average
value of the heterogeneous dielectric environment and
cannot be used as an input parameter even when the value
of the dielectric function external to the CNT is known. In
this paper, we derive a scaling relationship that uses the
actual external dielectric function. We use this model in
Ref. [10] to ﬁt resonance Raman data taken from single
CNTs suspended across trenches as the dielectric environment is altered. The results show that the particle
interaction energies are about two times larger in air than
when screened in water. However, the measured energy
shift of the optical transition energy is small since the band
gap renormalization and exciton binding energies have
opposite signs [1,2]. That is, the changes in these underlying
interaction energies may be separately quite large but their
difference relatively small, in agreement with reported
solvatochromic shifts [11–13].
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2. Theory
The one-dimensional nature of carbon nanotubes leads
to smaller Coulomb screening and larger particle interactions compared to two- and three-dimensional materials.
Thus, Coulomb interaction energies cannot be ignored
when attempting to understand the electronic structure in
one-dimensional systems. The one-dimensional nature of
carbon nanotubes also makes their electronic structure very
sensitive to their environment and changes therein. Fig. 1
schematically depicts the screening of (or lack thereof) the
electric ﬁeld lines in carbon nanotubes of dielectric value 1
in an external dielectric environment 2 . Electronic interactions lead to large blue shifts of the free particle band
gap, a process known as band gap renormalization, while
electron–hole interactions lead to a series of bound
excitonic states well inside the band gap [1]. We label these
interaction energies E BGR and E Bind (referring to the lowest
optically active exciton which dominates the optical
response [14]), respectively. In fact, these particle interaction energies in an unscreened environment are calculated
to be on the order of one electron volt for one nanometer
diameter single wall carbon nanotubes, about the size of
the single particle band gap. However, since they enter into
the Hamiltonian with opposite signs [2], they largely cancel
each other and the resulting optical transition energy, E Opt ,
is only slightly higher than the transition energy predicted
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Fig. 1. Screening of the ﬁeld lines between electrons and holes in a carbon
nanotube of dielectric value 1 in a dielectric environment of 2 .
Electron–electron and electron–hole interactions lead to E BGR and
E Bind , respectively.

by single particle models, E SP . That is, E Opt ¼ E SP þ
E BGR þ E Bind . We now derive an expression for the scaling
dependence of the exciton binding energy, E Bind , on the
external dielectric, 2 .
We use a one-dimensional effective potential, VEff
1D ðzÞ, for
a quantum wire of dielectric 1 in an environment 2 ,
integrating over the lateral x, y dimensions which yields a
function of z, the electron–hole separation [15,16]. Numerical results from Ref. [15] are shown in Fig. 2a for four
different values of the ratio of 1 =2 . 1 is taken as 4 for
graphite [17,18]. 2 , the external dielectric, spans values from
1, i.e. unscreened, to 4. Here, the binding energy of the
exciton dictates that we use the optical value of the dielectric
function, which, for water, is about 1.78 [19]. The resulting
curves are ﬁt with a truncated Coulomb potential of the
form 1=jzj þ z0 . The ﬁt parameter z0 is known as the cutoff
parameter. By incorporating z0 , the divergence as the
electron–hole separation z ! 0 0 is removed. This also
reﬂects the geometry of the problem, i.e. the carbon
nanotube is not truly one-dimensional but has a ﬁnite
diameter implying a minimum electron–hole separation. The
ﬁts are clearly excellent. The best ﬁt value of z0 for each ratio
1 =2 is plotted in Fig. 2b. For the range of external dielectric
values of interest here, the dependence is almost perfectly
linear. That is, we can say z0 scales with 1
2 . The same
scaling relationship is found using the expression for the
one-dimensional effective potential of Ref. [16] as well.
This result allows us to derive a scaling relationship
between the exciton binding energy and the external
dielectric function using Ref. [20] which analytically solved
the binding energy for the one dimensional hydrogen atom
using the truncated Coulomb potential. Speciﬁcally, Ref. [20]
found that the binding energy E Bind ¼ R =l2 where R is
an effective Rydberg equal to me4 / 2_2 2 , m is the exciton
effective mass, and  is the dielectric constant, a poorly
deﬁned quantity when applied to a heterogeneous environment. The quantum number, l, is not necessarily integer
and is a complicated function of the cutoff parameter, z0 .
However, Ref. [21] shows that l scales as z0:4
0 which, in
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Fig. 2. (a) VEff
1D as a function of electron hole separation, z, for four values of the external dielectric 2 . Truncated Coulomb potential ﬁts to the numerically
calculated data are shown as solid lines. ab ¼ 1 _2 =me2 is the bulk exciton Bohr radius. (b) The best ﬁt cutoff parameter z0 from (a) as a function of external
dielectric 2 . The dashed red line highlights the linear dependence of z0 on 2 .
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turn, we have shown scales as 1
2 . Thus, E Bind scales as
R  20:4 . Further, the depth of the effective potential,
which is proportional to e2 =, on Fig. 2a is found to scale
with 1=2 over this external dielectric range. Thus, the
effective Rydberg, R , which is proportional to e4 =2 , is
presumed to scale as 1=22 . The overall scaling of the exciton
binding energy is then 20:4 =2 ¼ 1=1:2 , the central result
of this paper. We emphasize that this scaling relationship is
based on the actual external dielectric value and is thus of
practical use. The value of the scaling exponent, a, is very
close to the value a ¼ 1:4 derived in Ref. [5] where the
model contained a single  and thus represented a sort of
averaging over the heterogeneous dielectric environment.
Also, since R is independent of the radius, r, and z0 scales
with r, [15,22], the binding energy scales with 1=r0:8 , close
to the 1=r0:6 dependence found by Ref. [23] using a
variational method.
We now combine this scaling result with the scaling
behavior of the band gap renormalization energy, E BGR , in
order to address how the electronic structure, which
depends on both electron–electron and electron–hole
interactions, scales with the external dielectric environment. Speciﬁcally, Ref. [2] ﬁnds E BGR scales approximately
as a 1=. Having found the dependence of R on 2 was the
same as the dependence on  for this dielectric range, we
assume E BGR scales with 1=2 . Then the expression E Opt ¼
E SP þ E BGR þ E Bind becomes
 ¼1

ignoring the possible small dependence of the single
particle term on external dielectric through the exciton
effective mass, m, which is a function of valence and
conduction band curvature. Thus, upon changing the
environmental screening,
DE Opt ¼ DE BGR þ DE Bind
 ¼1
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We have previously published experimental results
interpreted using the above described model [10]. Resonant
Raman spectroscopy, or RRS, was used to determine the
optical transition energies, E 22 , for two single CNTs
suspended across trenches (in order to remove substrate
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3. Experiment and results
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Fig. 3a depicts the scaling behavior of the constituent
2 ¼1
is taken as 730 meV and
particle interaction energies. E BGR
2 ¼1
E Bind as 580 meV from Ref. [10], where these are the
interaction energies associated with the second valence
band to second conduction band transition, E 22 . The
values 2 ¼ 1 and 1.78 (water) are highlighted with vertical
dashed lines. It is important to note the relatively weak
dependence of E Opt with screening due to the opposite
sings of E BGR and E Bind , in accordance with the picture
described in Refs. [1,2] and reported in the literature
[12,13]. First order, single particle models, such as the
nearest-neighbor tight-binding model, predict a constant
ratio of E 22 =E 11 equal to 2. Experiments found that ratio,
on average, to be closer to a value of 1.7 [24] and was
dubbed the ‘‘ratio problem’’. As explained in Ref. [3],
particle interaction energies resolve this discrepancy since
E BGR and E Bind do not exactly cancel but lead to an overall
blue shift of E Opt compared to E SP , for each subband E ii .
That is, both the numerator and the denominator in the
ratio E 22 =E 11 are slightly blue shifted and thus the ratio is
decreased (ignoring chirality effects.) Note, however, that
the free particle band gap is signiﬁcantly altered compared
to the single particle value and can change dramatically
upon perturbation of the environment. This is, of course, a
critical consideration with regard to CNT electronic device
design and operation. Fig. 3b shows the effect of the
scaling exponent, a, on the behavior of E Opt . For the same
2 ¼1
2 ¼1
E BGR
and E Bind
, as in Fig. 3a, notice how larger values of a
can actually lead to blue shifts in E Opt in the small
screening limit.
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Fig. 3. (a) Scaling of particle interaction energies with external screening. E BGR is shown as a blue dashed line and scales with 1
2 . E BGR is assumed to be
2 ¼1
730 meV. E Bind is shown as a red dashed line and scales with 1:2
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The resulting behavior of E Opt with screening is shown as a black line. (b) The behavior of E Opt (minus the constant E SP ) as a function of a. Notice larger
values of a lead to blue shifts of E Opt with small screening.
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Fig. 4. (a) Energy level diagrams of the incoming and outgoing photon resonance conditions for the Stokes process. (b) Cartoon of the dependence of the
Raman excitation proﬁle on external screening.

effects) as the dielectric environment was altered from dry
N2 , to high humidity N2 , to water. The RRS experimental
apparatus and technique are detailed in Ref. [25].
RRS has two signiﬁcant advantages over photoluminescence (PL) spectroscopy in relation to this experiment.
First, PL spectroscopy is necessarily restricted to the lowest
sub-band E 11 whereas RRS can be used to probe the effect
of screening on the exciton associated with any sub-band.
Further, most dielectric environments will tend to quench
the PL signal almost entirely making the type of measurements made in this paper impossible using PL. In RRS,
plotting the Raman peak height for a given Raman active
mode against laser excitation energy yields, in general, a
curve with two peaks, known as the Raman excitation
proﬁle, or REP. Fig. 4a depicts the two different resonance
conditions resulting in the two peaks in the REP. Fig. 4b
shows a cartoon of the REP where the phonon energy is
large enough that the two peaks are spectrally separated, as
is the case with the Raman active Gþ vibrational mode.
The effect of screening is to red-shift the underlying optical
transition energy and thus the REP red-shifts as well. The
REP can be ﬁt using a one-phonon, exciton-mediated
lineshape [14] for each dielectric condition and the shift in
the optical transition energy determined.
Results showed a monotonic decrease of the optical
transition energy with increasing external dielectric [10],
thus supporting a value of ao1:4 in accordance with Fig. 3b.
2 ¼1
2 ¼1
Using the model detailed here, E BGR
and E Bind
were found
to be approximately 730 and 580 meV, respectively, at E 22 ,
2 ¼1
for the (12,4) CNT. That is, E BGR
was found to be greater
2 ¼1
than E Bind by 150 meV in agreement with explanations
of the ‘‘ratio problem’’. Upon screening, these energies
decreased signiﬁcantly, of order 50%.

have a value of 1.2. The relevant particle interaction
energies are shown to decrease on order of 50% upon
screening by water. The optical transition energy scales
much more weakly with increasing external dielectric but
could actually blue shift, in the small scale limit, with larger
values of a.
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